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DEFORMATION-OBSTRUCTION THEORY FOR COMPLEXES VIA
ATIYAH AND KODAIRA–SPENCER CLASSES
DANIEL HUYBRECHTS AND RICHARD THOMAS
Abstract. We give a universal approach to the deformation-obstruction theory of objects
of the derived category of coherent sheaves over a smooth projective family. We recover and
generalise the obstruction class of Lowen and Lieblich, and prove that it is a product of Atiyah
and Kodaira–Spencer classes. This allows us to obtain deformation-invariant virtual cycles on
moduli spaces of objects of the derived category on threefolds.
1. Introduction
The deformation theory of objects of the derived category of coherent sheaves on a smooth
projective family has been studied in [13, 14]. These papers produce a class which is the
obstruction to deforming a complex sideways over an infinitesimal deformation. The theory is
not in its final form, however. The obstruction class is expected to be a product of Atiyah and
Kodaira–Spencer classes, but this has only been proved in some situations (such as [5]). As a
consequence the results are not strong enough to obtain virtual cycles [2, 12], as discussed in
[16, Sect. 2], for instance.
This paper generalises [13, 14] by working universally, using Fourier–Mukai kernels as in
[5, 6]. We put the discussion of [5, App. C], which deals with deformations over Spec(k[t]/tn),
in a more general context. This allows us to identify the obstruction class of [13, 14] with the
product of certain Atiyah and Kodaira–Spencer classes. We are then able to obtain virtual
cycles on moduli spaces of simple complexes on threefolds, completing the foundational work
required in [16, Sect. 2].
While the classical Atiyah and Kodaira–Spencer classes were enough for the case treated in
[5], Illusie’s versions of these classes, defined in [7] using the cotangent complex, are necessary
to go beyond the simplest cases. This was done for complexes of modules in [7] and for a single
sheaf in [3]. However, as with the theory of virtual cycles [2, 12], only a small part of the
cotangent complex affects the computations. For this reason we work with truncated versions
of the cotangent complex, Atiyah class and Kodaira–Spencer class. These can be written down
simply and explicitly, without reference to Illusie’s versions, after picking an embedding into
a smooth ambient space. This keeps our presentation elementary, avoiding dg and simplicial
resolutions.
Suppose there exists an embedding of a noetherian separated scheme X in a smooth ambient
space A with ideal sheaf J ⊂ OA. Then the truncation τ
≥−1L•X of Illusie’s cotangent complex
1
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is quasi-isomorphic to the complex
LX := (J/J
2 // ΩA|X)
concentrated in degrees −1 and 0 (see Section 2). Then for any perfect complex E on X we
introduce the truncated Atiyah class
A(E) ∈ Ext1X(E,E ⊗ LX).
The class A(E) lifts the classical Atiyah class in Ext1X(E,E ⊗ ΩX) via the obvious map
LX
//ΩX . Moreover, it can be shown that A(E) is the truncation of Illusie’s Atiyah class
in Ext1X(E,E ⊗ L
•
X), though we will not need this.
Suppose that i : X0

 // X is a square zero thickening of schemes, i.e. i is a closed embedding
defined by an ideal sheaf I on X with I2 = 0. We inherit an embedding X0 ⊂ A from X ⊂ A,
yielding a truncated cotangent complex LX0 . Then one can also define a truncated Kodaira–
Spencer class
κ(X0/X) ∈ Ext
1
X0(LX0 , I)
of the embedding X0 ⊂ X. Given a perfect complex E0 over X0, there is, as above, a truncated
Atiyah class A(E0) ∈ Ext
1
X0(E0, E0 ⊗ LX0). The main result of this paper is that the product
of these classes is the obstruction to deforming the complex E0 over X.
Theorem Let E0 be a perfect complex on a separated noetherian scheme X0 and let i : X0

 // X
be a closed embedding defined by an ideal I of square zero. Assume that X can be embedded into
a smooth ambient space A. Then there exists a perfect complex E on X such that the derived
pull-back i∗E is quasi-isomorphic to E0 if and only if
0 = (idE0 ⊗ κ(X0/X)) ◦ A(E0) ∈ Ext
2
X0(E0, E0 ⊗ I).
The existence of the obstruction class is already proved in [13, 14] (in the slightly less general
product situation of X0 = X ×Spec(A) Spec(A0)). But the explicit expression as the product
of the truncated Atiyah class of E0 and the truncated Kodaira–Spencer class of the thickening
X0 ⊂ X is crucial for some applications [5, 16].
Although there is also a version of the theorem phrased in terms of the full cotangent complex
L•X and Illusie’s corresponding Atiyah and Kodaira–Spencer classes, only the degree −1 and 0
parts of L•X contribute to the obstruction because the lower degree terms yield classes in Ext
≥3.
In this paper we emphasize the view that all classes (Atiyah, Kodaira–Spencer, obstruction)
are most naturally defined universally. Suppose we have a class a(E) ∈ ExtkX(E ⊗ F1, E ⊗
F2) which is natural in E for fixed complexes F1 and F2 on X. Thinking of it as a natural
transformation of functors
( · )⊗ F1 // ( · )⊗ F2[k]
then by the philosophy of Fourier–Mukai transforms one expects it to be represented by a
morphism of complexes
a : i∆X∗(F1)
// i∆X∗(F2)[k] on X×X.
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That is a(E) should be obtained by tensoring a with π∗1E and then taking the direct image π2∗.
(Here πi is projection onto the ith factor of X ×X and i∆X is the diagonal inclusion.)
So in this paper we define universal truncated Atiyah and Kodaira–Spencer classes, and their
product defines a universal obstruction class
̟ : O∆X0
// i∆X0∗(I)[2].
Applying this to any complex E0 yields the obstruction class ̟(E0) described by the main
theorem. This avoids the ad-hoc constructions of Lieblich. Note that universal Atiyah classes
were studied via the full cotangent complex in [4], but for the truncated version our approach
is much more elementary.
A topic of current interest [9, 10, 16, 17, 18] is defining invariants of threefolds X (and
particularly Calabi–Yau threefolds) using virtual cycles on moduli spaces of objects of Db(X)
satisfying some natural conditions (such as stability or simplicity). This paper fills the gap
mentioned in [16, Sect. 2] to give such virtual cycles.
Notation. All our schemes will be separated and noetherian over a fixed field k. One could
work relative to a fixed base, but then various flatness issues have to be addressed.
In the sheaf-theoretic computations of Section 2 most of our functors are the usual ones; in
Sections 3 and 4 they are all derived. Thus, for instance, Hom denotes the (quasi-isomorphism
class of) the complex RHom, with cohomologies Hi(Hom) = Exti.
We use IY⊂Z to denote the ideal sheaf of a subscheme Y of another scheme Z, with a few
exceptions. We reserve I to denote the square zero ideal of i : X0 ⊂ X, and J denotes the
ideal of an ambient embedding of X in some smooth A. The ideal of the induced embedding
X0 ⊂ A is denoted by J0. And for any separated scheme Y , we use I∆Y to denote the ideal of
the diagonal ∆Y , the image of the diagonal embedding i∆Y : Y
// Y × Y .
We sometimes suppress pushforwards by embeddings, to keep the notation to a minimum.
Thus O∆Y might denote i∆Y ∗OY .
Acknowledgements. We would like to thank Max Lieblich, Emanuele Macrì and Paolo
Stellari for valuable comments on a first version of this paper, Fabian Langholf and Pierrick
Bousseau for pointing out a problem with flatness in the second version, and Barbara Fantechi,
Ian Grojnowksi and Yinan Song for useful remarks. Financial support for the first author by
Imperial College, EPSRC and SFB/TR45 of the DFG are gratefully acknowledged. The second
author thanks the Royal Society and Leverhulme Trust for support.
2. Truncated Atiyah and Kodaira–Spencer classes
2.1. The truncated cotangent complex. Fix a closed embedding X ⊂ A of a scheme X
into a smooth scheme A and let J ⊂ OA be its ideal sheaf.
The composition of the differential dA : J ⊂ OA //ΩA with the projection ΩA //ΩA|X is an
OA-module homomorphism. It factors through J/J
2 to become an OX -linear homomorphism
dX/A : J/J
2 // ΩA|X
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with cokernel ΩX .
Definition 2.1. The truncated cotangent complex of X (in A) is the length-two complex
LX :=
(
J/J2
dX/A // ΩA|X
)
concentrated in degrees −1 and 0. By construction, LX comes with a natural homomorphism
LX
//H0(LX) ≃ ΩX .
As the notation suggests, the complex LX is independent (up to quasi-isomorphism) of the
embedding X ⊂ A. This is proved by showing that LX is quasi-isomorphic to the truncation
τ≥−1(L•X) of Illusie’s cotangent complex, or directly as follows. Suppose that X embeds into
two smooth schemes A1, A2 with ideals J1, J2, giving the diagonal embedding in A1×A2 with
ideal J12. Then the short exact sequence of 2-term complexes
(2.1)
(
J1/J
2
1
//

ΩA1 |X
)
(
J12/J
2
12
//

ΩA1 |X ⊕ ΩA2 |X
)
(
ΩA2 |X ΩA2 |X
)
,
induced by the composition X ⊂ A1 × A2 //A1, shows that LX defined via A1 is quasi-
isomorphic to LX defined via A1 ×A2.
2.2. The truncated Atiyah class. The following simple Lemma is really the key to this
paper. It does not require the assumption that A is smooth.
Lemma 2.2. For any X ⊂ A with ideal sheaf J ⊂ OA, the kernel of the natural surjection
I∆A |X×X
// I∆X is isomorphic to
TorX×A1 (O∆X ,OX×X ) ≃ i∆X∗(J/J
2).
Proof. We first claim that the restriction of the sheaf I∆A to X ×A is isomorphic to I∆X⊂X×A.
Tensoring the exact sequence
0 // J ⊠OA // OA×A // OX×A // 0
by O∆A gives the exact sequence
i∆A∗J
// O∆A
// O∆X
// 0.
Since the leftmost arrow is an injection, TorA×A1 (OX×A,O∆A) = 0. Therefore restricting
0 // I∆A
//OA×A //O∆A
// 0 to X ×A is exact:
(2.2) 0 // I∆A |X×A
// OX×A // O∆X
// 0.
Thus indeed I∆A |X×A ≃ I∆X⊂X×A.
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Restricting (2.2) to X ×X yields the exact sequence
(2.3) 0 // K // I∆A |X×X
// OX×X // O∆X
// 0,
where K is the kernel we want to compute. Therefore K ≃ TorX×A1 (O∆X ,OX×X). Computing
this by tensoring the exact sequence
(2.4) 0 // OX ⊠ J // OX×A // OX×X // 0
with O∆X gives
(2.5) K ≃ TorX×A1 (O∆X ,OX×X) ≃ (OX ⊠ J)⊗O∆X ≃ i∆X∗(J/J
2). 
Thus we have a quasi-isomorphism O∆X ≃
(
i∆X∗(J/J
2) // I∆A |X×X
//OX×X
)
, with the
complex in degrees −2, −1 and 0.
Definition 2.3. The truncated universal Atiyah class
αX ∈ Ext
1
X×X(O∆X , i∆X∗(LX))
is given by the map of complexes
(2.6) O∆X ≃
(
i∆X∗(J/J
2) // I∆A |X×X
//

OX×X
)
i∆X∗LX [1] ≃
(
i∆X∗(J/J
2) // (I∆A/I
2
∆A
)
∣∣
X×X
)
,
where the second vertical arrow is the obvious projection. For this to make sense we must first
check that the diagram (2.6) commutes. Define ϕ : I∆A |X×A
//OX×X by
0 // I∆A |X×A

ϕ
%%❑❑
❑❑
❑❑
❑❑
❑❑
// OX×A

// O∆X
// 0
0 // i∆X∗(J/J
2) // I∆A |X×X
// OX×X // O∆X
// 0.
In the bottom row we are suppressing the pushforward map from X ×X to X ×A. The kernel
of ϕ is (I∆X⊂X×A) ∩ (OX ⊠ J) = OX ⊠ J , which yields
OX ⊠ J
	ψ

// I∆A |X×A

i∆X∗(J/J
2) // I∆A |X×X .
Since the inclusion of OX ⊠ J inside I∆A |X×A ⊂ OX×A is part of the exact sequence (2.4),
the description (2.5) of i∆X∗(J/J
2) as (OX ⊠ J)⊗O∆X shows that ψ is the natural projection
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OX ⊠ J // i∆X∗(OX ⊠ J)|∆X ≃ i∆X∗(J/J
2). So it suffices to show that
OX ⊠ J

// I∆A |X×A

i∆X∗(J/J
2)
i∆X∗(dX/A) // (I∆A/I
2
∆A
)
∣∣
X×X
commutes. Given f ∈ J , dX/A(f) is the image of 1 ⊗ f − f ⊗ 1 in (I∆A/I
2
∆A
)|X×X . But
(f ⊗ 1)|X×A = 0, so this is the image of 1⊗ f ∈ OX ⊠ J ⊂ I∆A |X×A in (I∆A/I
2
∆A
)|X×X .
Using methods like those of Section 2.1 one can also show that the truncated Atiyah class is
independent of the embedding X ⊂ A.
Composing (2.6) with the direct image of the natural map LX //H
0(LX) gives(
I∆X
//

OX×X
)
I∆X/I
2
∆X
.
(Here we have used the isomorphism (I∆A |X×X)
/
i∆X∗(J/J
2) ≃ I∆X of Lemma 2.2.) Dividing
the upper row by the acyclic complex I2∆X
// I2∆X we get the class in Ext
1
X×X(O∆X , i∆X∗ΩX)
of the extension
(2.7) 0 // i∆X∗ΩX
// OX×X/I
2
∆X
// O∆X
// 0.
Therefore αX projects to the classical universal Atiyah class.
Remark 2.4. Another way of phrasing the construction is as follows. The natural map
(2.8) I∆X
// i∆X∗ΩX
(given by the projection I∆X
// I∆X/I
2
∆X
) has a natural lift
(2.9) I∆X
// i∆X∗LX
given by the map of complexes(
i∆X∗(J/J
2) // I∆A |X×X
)

≃ I∆X
(
i∆X∗(J/J
2) // (I∆A/I
2
∆A
)
∣∣
X×X
)
≃ i∆X∗LX .
Consider the boundary map of exact sequence 0 // I∆X
//OX×X //O∆X
// 0:
O∆X
// I∆X [1].
The classical Atiyah class is its composition with (2.8), while the truncated Atiyah class is its
composition with (2.9).
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Remark 2.5. After pushing forward αX by the inclusion ι : X ×X

 // X ×A, we claim that
it can be described by the obvious diagram
(2.10) J/J2

J/J2

0 // ΩA|X //

OX×A/I
2
∆X⊂X×A
//

O∆X
// 0
0 // ΩX //

OX×X/I
2
∆X
//

O∆X
// 0.
0 0
Here we have suppressed some pushforward maps for appearance’s sake. The middle row is
the restriction to X × A of 0 // I∆A/I
2
∆A
//OA×A/I
2
∆A
//O∆A
// 0, using the vanishing of
TorA×A1 (OX×A,O∆A) (as shown in the proof of Lemma 2.2).
The bottom row is (the pushforward of) the extension (2.7) defining the classical Atiyah class.
We view the top two rows as a horizontal short exact sequence of two-term vertical complexes,
giving an extension class in Ext1X×A(O∆X , ι∗i∆X∗(LX)) projecting to the classical Atiyah class.
Write this extension class as
(2.11)
(
ι∗i∆X∗ΩA|X
// OX×A/I
2
∆X⊂X×A
)
≃ O∆X
ι∗i∆X∗LX [1] ≃
(
ι∗i∆X∗J/J
2 // ι∗i∆X∗ΩA|X
)
.
This is quasi-isomorphic to (
I∆X⊂X×A
//

OX×A
)
≃ O∆X
ι∗i∆X∗LX [1] ≃
(
ι∗i∆X∗J/J
2 // ι∗i∆X∗ΩA|X
)
,
as can be seen by dividing the two sheaves on the top row by I2∆X⊂X×A. Using (2.2), the vertical
arrow is the projection I∆A |X×A
// (I∆A/I
2
∆A
)|X×A.
Since any sheaf F on X × A has a natural map to F ⊗ ι∗OX×X = ι∗(F |X×X ), this maps
term by term and quasi-isomorphically to the map of complexes(
ι∗i∆X∗J/J
2 // ι∗(I∆A |X×X)
//

ι∗OX×X
)
≃ O∆X
ι∗i∆X∗LX [1] ≃
(
ι∗i∆X∗J/J
2 // ι∗i∆X∗ΩA|X
)
.
But this is precisely the pushforward of our original definition (2.6) of αX .
Definition 2.6. Thinking of (2.6) as a map of Fourier–Mukai kernels, we apply it to a perfect
complex E on X to yield the truncated Atiyah class of E,
(2.12) A(E) := αX(E) ∈ Ext
1
X(E,E ⊗ LX),
mapping under LX //ΩX to the classical Atiyah class in Ext
1
X(E,E ⊗ΩX).
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2.3. Square zero extensions and Kodaira–Spencer classes. Now fix i : X0

 // X, a closed
embedding defined by an ideal sheaf I of square zero: I2 = 0. This allows us to consider I to
be an OX0-module. From X ⊂ A we inherit a closed embedding X0 ⊂ A with ideal J0. The
natural map J0/J
2
0
// I/I2 = I yields a morphism of complexes
(2.13) J0/J
2
0
//

ΩA|X0
I ,
where the upper row is the (shifted) truncated cotangent complex LX0 of X0.
Definition 2.7. The truncated Kodaira–Spencer class of the square zero extension i : X0

 // X
is the extension class
κ(X0/X) ∈ Ext
1
X0(LX0 , I)
defined by (2.13).
Remark 2.8. The map of complexes (2.13) factors through the map of complexes
(2.14) I //

ΩX |X0
I .
When I //ΩX |X0 is an injection (i.e. when it is quasi-isomorphic as a complex to ΩX0), (2.14)
is the classical Kodaira–Spencer class in Ext1X0(ΩX0 , I) and the truncated class is its pullback
via the map LX0
//ΩX0 .
By Lemma 2.2 applied to both (X0 ⊂ A, J0) and (X0 ⊂ X, I) in place of (X ⊂ A, J) we get
the two horizontal short exact sequences
(2.15) 0 // i∆X0∗(J0/J
2
0 )
//

I∆A |X0×X0
//

I∆X0
// 0
0 // i∆X0∗(I)
// I∆X |X0×X0
// I∆X0
// 0 .
The first vertical arrow is induced by the other two. The top left hand corner, composed with
the surjection I∆A |X0×X0
// (I∆A/I
2
∆A
)
∣∣
X0×X0
, gives
(2.16) i∆X0∗(J0/J
2
0 )
//

(I∆A/I
2
∆A
)
∣∣
X0×X0
i∆X0∗(I).
This is the pushforward of the diagram (2.13) by i∆X0∗.
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2.4. Product of the two classes. It follows that the product of the universal truncated Atiyah
class (2.6) of X0 and the pushforward by i∆X0∗ of the universal truncated Kodaira–Spencer class
of X0 ⊂ X, which is (2.16), can be represented by the morphism of complexes
(2.17)
(
i∆X0∗(J0/J
2
0 )
//

I∆A |X0×X0
// OX0×X0
)
i∆X0∗(I) .
Consider (2.15) to be a (vertical) quasi-isomorphism between two 2-term (horizontal) complexes
that are themselves quasi-isomorphic to I∆X0 . By construction the above vertical map factors
through this quasi-isomorphism. Therefore (2.17) can be written
(2.18)
(
i∆X0∗(I)
//

I∆X |X0×X0
// OX0×X0
)
i∆X0∗(I) ,
with vertical arrow the identity. That is, i∆X0∗(κ(X0/X)) ◦ αX0 ∈ Ext
2
X0×X0(O∆X0 , i∆X0∗(I))
is the extension class of the exact sequence
(2.19) 0 // i∆X0∗(I)
// I∆X |X0×X0
// OX0×X0
// O∆X0
// 0.
2.5. The universal obstruction class. Let h = id × i denote the natural closed embedding
X0 ×X0

 // X0 ×X and define
H := h∗h∗O∆X0 ,
where here h∗ is the derived pull-back. Then H is a complex concentrated in degree ≤ 0. Now
TorX0×X0 (O∆X0 ,OX0×X0) ≃ O∆X0 , and Tor
X0×X
1 (O∆X0 ,OX0×X0) ≃ i∆X0∗(I) by Lemma 2.2
applied to (X0 ⊂ X, I). Therefore
(2.20) H0(H) ≃ O∆X0 and H
−1(H) ≃ i∆X0∗(I).
This leads to the following definition (whose name will be justified in Section 3).
Definition 2.9. The universal obstruction class
̟(X0/X) ∈ Ext
2
X0×X0(O∆X0 , i∆X0∗(I))
of X0 ⊂ X is the extension class of the exact triangle
(2.21) H−1(H)[1] // τ≥−1(H) // H0(H).
Theorem 2.10. ̟(X0/X) equals the product i∆X0∗(κ(X0/X)) ◦ αX0 .
Proof. Consider the exact sequence
(2.22) 0 // I∆X0⊂X0×X
// OX0×X
// h∗O∆X0
// 0
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as a resolution of h∗O∆X0 . Since OX0×X is flat, the result of applying the underived functor h
∗
to the resolution is τ≥−1(H). So we restrict to X0 ×X0, giving
(2.23) 0 // TorX0×X1 (O∆X0 ,OX0×X0)
// I∆X |X0×X0
// OX0×X0
// O∆X0
// 0,
i∆X0∗(I)
by Lemma 2.2. The two terms in the middle represent the complex τ≥−1(H), and the exact
sequence represents the triangle (2.21).
But (2.23) is precisely the exact sequence (2.19): both are by construction the exact sequence
(2.3) of Lemma 2.2, applied to (X0 ⊂ X, I) in place of (X ⊂ A, J). 
Remark 2.11. i) Recall that when I injects into ΩX |X0 , the class κ(X0/X) is the pullback of
the classical Kodaira–Spencer class (2.14). In this case one can show that the above product is
just the product of the classical Atiyah and Kodaira–Spencer classes.
This is the case, for instance, when X is flat over Spec(k[t]/tn+1) and X0 is its base-change
to Spec(k[t]/tn): the situation studied in [5]. This explains why it was not necessary to work
with (truncated) cotangent complexes in that paper.
ii) In [5] the base field is k = C andX0 is deformed into a non-algebraic direction. In particular
the situation studied there is one of the rare examples where X cannot be embedded into a
smooth ambient scheme A over Spec(C). However, an embedding into a smooth formal scheme
can still be found. Indeed, in [5] X is the nth order neighbourhood of a smooth holomorphic
family over a one-dimensional disk and we can let A be the formal neighbourhood of the special
fibre inside this holomorphic family. The arguments in this section work equally well in this
setting.
2.6. Relative version. In the application in Section 4 we shall need a relative version of the
Kodaira–Spencer class. Assume X comes with a morphism X //B and the embedding X ⊂ A
is part of a commutative diagram
X0

 // X
  ❇
❇❇
❇❇
❇❇
❇❇

 // AB

 //

A

B 
 // B˜,
with B˜ and A // B˜ smooth and the square Cartesian (i.e. AB = A ×B˜ B). It follows that A
and AB //B are also smooth. Let J0B denote the ideal sheaf of X0 ⊂ AB and consider the
natural commutative diagram
J0/J
2
0

// J0B/J
2
0B

ΩA|X0
// ΩA/B˜ |X0 ≃ ΩAB/B |X0 .
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By definition, LX0/B is the complex J0B/J
2
0B
//ΩAB/B |X0 and the diagram can be viewed as
a morphism
(2.24) LX0 //LX0/B .
Since the natural map J0/J
2
0
// I factors through J0B/J
2
0B , the Kodaira–Spencer class κ(X0/X)
defined by (2.13) factors naturally via (2.24) giving a commutative diagram
(2.25) LX0
κ(X0/X) !!❈
❈❈
❈❈
❈❈
❈
// LX0/B
κ(X0/X/B){{①①
①①
①①
①①
I[1].
We call κ(X0/X/B) : LX0/B
// I[1] the relative truncated Kodaira–Spencer class of X0 ⊂ X.
Similarly, the (absolute) truncated universal Atiyah class αX0 : O∆X0
// i∆X0∗(LX0)[1] can
be composed with the push-forward i∆X0∗(LX0)
// i∆X0∗(LX0/B) of (2.24) to yield the relative
truncated universal Atiyah class
αX0/B : O∆X0
// i∆X0∗(LX0/B)[1].
The diagram
O∆X0
αX0/B
''PP
PP
PP
PPP
PP
PP
αX0
ww♦♦♦
♦♦
♦♦
♦♦
♦♦
♦
i∆X0∗(LX0)[1]
i∆X0∗
κ(X0/X) ''◆◆
◆◆
◆◆
◆◆
◆◆
◆
// i∆X0∗(LX0/B)[1]
i∆X0∗
κ(X0/X/B)ww♦♦♦
♦♦♦
♦♦♦
♦♦♦
i∆X0∗I[1]
is commutative: the top half by definition and the bottom by (2.25). Therefore the universal
obstruction class ̟(X0/X) can also be computed as the product of the relative Atiyah class
and the relative Kodaira–Spencer class:
(2.26) ̟(X0/X) = i∆X0∗(κ(X0/X/B)) ◦ αX0/B .
3. Obstructions
3.1. Deformations and extension classes. By (2.20) we have the following natural exact
triangles on X0:
τ≤−1H // H // O∆X0 , and(3.1)
τ≤−2H // τ≤−1H // i∆X0∗I[1].(3.2)
The universal obstruction class of Definition 2.9 is the composition of O∆X0
// τ≤−1H[1] from
the first triangle (3.1) and τ≤−1H[1] // i∆X0∗I[2] from the second (3.2):
(3.3) ̟(X0/X) : O∆X0
// i∆X0∗I[2].
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Thinking of these as Fourier–Mukai kernels, act them on a fixed perfect complex E0 on X0.
The result is the exact triangles
QE0
// i∗i∗E0 // E0, and(3.4)
(τ≤−2H)(E0) // QE0
piE0 // E0 ⊗ I[1].(3.5)
The triangle (3.4) is adjunction i∗i∗E0 //E0, whose kernel we denote QE0 . By (3.3), the
composition of E0 //QE0 [1] from the first triangle (3.4) and πE0 : QE0 [1]
//E0⊗ I[2] from the
second (3.5) gives the obstruction class of E0,
(3.6) ̟(X0/X)(E0) : E0 // E0 ⊗ I[2].
In this section we justify this terminology.
By a deformation of E0 over X we mean a perfect complex E on X whose derived restriction
i∗E is isomorphic to E0. Such a deformation sits in an obvious exact triangle
(3.7) i∗(E0 ⊗ I) // E // i∗E0
e // i∗(E0 ⊗ I)[1],
defining, and defined by, an extension class e ∈ Ext1X(i∗E0, i∗(E0 ⊗ I)). Applying the derived
functor i∗ gives the horizontal triangle in the diagram
(3.8)
i∗i∗(E0 ⊗ I) i∗E// // i∗i∗E0 i
∗i∗(E0 ⊗ I)[1]
i∗e //
QE0
E0 ⊗ I[1].
Ψe

E0
r &&◆◆
◆◆
◆◆
◆◆
◆
e˜ &&◆◆
◆◆
◆◆
◆◆
◆
Φe
((PP
PPP
PPP
PP
 ||②②
The two lower vertical arrows are adjunction. Therefore the central vertical triangle is (3.4),
and the map e˜ ∈ Ext1X0(i
∗i∗E0, E0⊗I) ≃ Ext
1
X(i∗E0, i∗(E0⊗I)) is what corresponds to e under
adjunction.
Since the map denoted r (the restriction map) is an isomorphism, Φe is too. Conversely,
given any extension e : i∗E0 // i∗(E0 ⊗ I)[1], the map r is an isomorphism if Φe is. Therefore
Lemma 3.1. Deformations E of E0 are equivalent to extensions e ∈ Ext
1
X(i∗E0, i∗(E0 ⊗ I))
for which Φe (3.8) is an isomorphism. 
Lemma 3.2. If e describes a deformation E of E0 then the map Ψe of (3.8) is
πE0 : QE0
// E0 ⊗ I[1]
defined in (3.5).
Proof. We begin by stating two results whose verification is left to the reader.
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(i) Fix a morphism f : Z // Y and complexes of sheaves F , H on Z and G on Y . There are
the following compatibilities between the adjunction f∗f∗ // id and the projection formula.
f∗f∗F ⊗ f
∗G
≃

adj ⊗ id //
	
F ⊗ f∗G
f∗(f∗F ⊗ G)
≃

(f∗f∗)(F ⊗ f
∗G)
adj // F ⊗ f∗G
f∗(f
∗f∗F ⊗H)
≃

f∗(adj ⊗ id) //
	
f∗(F ⊗H)
f∗F ⊗ f∗H
≃

f∗(F ⊗ f
∗f∗H)
f∗(id ⊗ adj) // f∗(F ⊗H)
(ii) Suppose F is a Fourier–Mukai kernel on X0×X0 for a functor ΦF going from the second
factor to the first1 and G = h∗F is its direct image under h : X0 ×X0

 // X0 ×X viewed as
Fourier–Mukai kernel for a functor ΦG going from X to X0. Then ΦG ≃ ΦF ◦ i
∗.
Start with the trivial case E0 = OX0 with canonical deformation E = OX . Then it is easy
to see that QOX0 ≃ i
∗i∗I[1] and both maps Ψe and πOX0
are the adjunction
(3.9) i∗i∗I[1] // I[1],
i.e. the map given by taking H−1.
For general E0, we tensor the diagram (3.8) for the deformation OX of OX0 by E0, and use
E to pass through i∗s and i
∗s; for instance
E0 ⊗ i
∗i∗I ≃ i
∗(E ⊗ i∗I) ≃ i
∗i∗(E0 ⊗ I).
Using (i) we find the adjunction maps also survive tensoring with E0, so the result is the diagram
(3.8) for the deformation E of E0.
So we are left with showing that πE0 in (3.5) is E0 tensored with (3.9) when E0 = i
∗E. Using
E to commute E0 past i
∗i∗ again, we find it is sufficient to show that πE0 is the adjunction
i∗i∗(E0 ⊗ I)[1] //E0 ⊗ I[1] when E0 = i
∗E.
We do this at the level of Fourier–Mukai transforms. Recall that the Fourier–Mukai kernel
for i∗i∗ is H = h
∗h∗O∆X0 , so by (ii) the composition i
∗i∗i
∗ has kernel h∗h
∗h∗O∆X0 on X0×X.
The second diagram in (i) yields the commutativity of
h∗h
∗h∗O∆X0

∼ // h∗((h
∗h∗OX0×X0)⊗O∆X0 )

h∗O∆X0
∼ // h∗(OX0×X0 ⊗O∆X0 ),
with the vertical arrows the natural adjunctions, which coincide as maps to h∗O∆X0 – they are
both the H0-map. Taking kernels of the vertical maps gives h∗(τ
≤−1H) on the left hand side.
1In this proof only, for notational reasons we write the kernels for Fourier–Mukai functors from Y to Z as
objects on Z × Y ; the reverse of our usual convention. Therefore, for instance, h∗O∆X0 is the kernel for the
functor i∗ (not i∗, as it would be with the other convention).
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On the right hand side resolving h∗OX0×X0 by h∗(OX0 ⊠ I)
//OX0×X shows that the kernel
is isomorphic to
h∗(h
∗h∗(OX0 ⊠ I[1])⊗O∆X0 ) = h∗h
∗h∗(i∆X0∗(I)[1]).
Therefore h∗(τ
≤−1H) ≃ h∗h
∗h∗(i∆X0∗(I)[1]). Applied to any perfect complex E on X this gives
the isomorphism QE0 ≃ i
∗i∗(E0 ⊗ I)[1], where E0 = i
∗E.
Now take the H−1-map
h∗h
∗h∗(i∆X0∗(I)[1])
// h∗(i∆X0∗(I)[1]).
Applied to E this induces the adjunction i∗i∗(E0⊗ I)[1] //E0⊗ I[1], where E0 = i
∗E. But by
construction it is the pushforward by h∗ of the second arrow of (3.2), and so applied to E it
gives πE0 by its definition (3.5). 
This section is devoted to proving the converse. Together with Lemma 3.2 this proves
Theorem 3.3. Deformations E of E0 are equivalent to extensions e ∈ Ext
1
X(i∗E0, i∗(E0 ⊗ I))
for which Ψe = πE0.
This implies the main Theorem of the Introduction:
Corollary 3.4. There is a deformation E of E0 if and only if
0 = (idE0 ⊗ κ(X0/X)) ◦ A(E0) ∈ Ext
2
X0(E0, E0 ⊗ I),
in which case the deformations form a torsor over Ext1X0(E0, E0 ⊗ I).
Proof. Apply HomX0( · , E0 ⊗ I[1]) to the exact triangle QE0 // i
∗i∗E0 //E0:
(3.10)
Ext1X(i∗E0, i∗(E0 ⊗ I))
Ext1X0(E0, E0 ⊗ I)
// Ext1X0(i
∗i∗E0, E0 ⊗ I) // Ext
1
X0(QE0 , E0 ⊗ I)
// Ext2X0(E0, E0 ⊗ I).
Comparing to (3.8), the second arrow takes an extension e˜ to the map Ψe. So Theorem 3.3 says
that e˜ corresponds to a deformation E of E0 if and only if Ψe = πE0 .
The last arrow in (3.10) maps πE0 to its composition with E0
//QE0 [1], which by (3.6) is our
obstruction class ̟(E0). By Theorem 2.10 applied to E0 this is the product (idE0⊗κ(X0/X))◦
A(E0). Therefore the first assertion of the Corollary follows from the exact sequence (3.10). For
the second part, observe that if a deformation E exists then the adjunction i∗i∗E0 //E0 is split
(by the inverse of the map r in (3.8)) and hence Ext1X0(E0, E0 ⊗ I)
//Ext1X0(i
∗i∗E0, E0⊗ I) is
injective. 
By Lemmas 3.1 and 3.2, Theorem 3.3 is equivalent to the following assertion. For a given
e ∈ Ext1X(i∗E0, i∗(E0 ⊗ I)),
Φe is an isomorphism if and only if Ψe is the morphism πE0 : QE0
//E0 ⊗ I[1].
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Proving the ‘if’ part of this directly would give the most satisfactory treatment of the obstruction
theory via the methods of this paper. This seems to be extremely difficult, though we are not
entirely sure why.
3.2. Proof in the affine case. Instead we mimic Lieblich, passing to the local case first. So
we prove Theorem 3.3 for X0 ⊂ X both affine as schemes (and not just as schemes over B),
where we may assume that E0 is a bounded complex E
•
0 of free modules. Where possible we
use similar notation to Lieblich in our slightly different setting.
So we fix an extension e with Ψe = πE0 . We observed in the proof of Corollary 3.4 that the
image of πE0 in the exact sequence (3.10) is ̟(E0), so ̟(E0) = 0 by assumption.
Thinking of the complex I∆X0⊂X0×X
//OX0×X as a Fourier–Mukai kernel, quasi-isomorphic
to the kernel O∆X0 of the pushforward i∗, we apply it to E
•
0 . This gives a resolution
(3.11)
(
K• // Γ•
)
≃ // i∗E
•
0
which moreover is a quasi-isomorphism for each fixed index •. Here Γj := Γ(Ej0)⊗O(B)OX and
Kj is the kernel of the evaluation map Γj // i∗E
j
0.
Pulling the Fourier–Mukai kernels back to X0 × X0 gives the exact sequence (2.23) with
extension class ̟(X0/X) in (3.3). Applying this to E
•
0 shows that pulling (3.11) back to X0
gives the compatible long exact sequences
(3.12) 0 // E•0 ⊗ I
// K•|X0
// Γ•|X0
// E•0
// 0,
with extension class the obstruction class ̟(E0) ∈ Ext
2
X0(E0, E0⊗ I). (We use · |X0 to denote
the the underived functor i∗.)
Pick a free deformation Ej of each (free) Ej0 to X. Since Γ
j is free, we can split it as N j⊕Ej
so that the map Γj // i∗E
j
0 of (3.11) is projection to the second factor of N
j ⊕Ej followed by
restriction to X0. Being in the kernel of this map, N
j lifts naturally to Kj in (3.11). The result
is the following non-canonical splitting of (3.11), incompatible with the differential.
(3.13) 0 // N j ⊕ i∗(E
j
0 ⊗ I)
// N j ⊕ Ej // i∗E
j
0
// 0.
Restricting to X0 splits (3.12) as
(3.14) 0 // Ej0 ⊗ I
//

N j |X0 ⊕ (E
j
0 ⊗ I)
//

N j|X0 ⊕ E
j
0
//

Ej0
//

0
0 // Ej+10 ⊗ I
//

N j+1|X0 ⊕ (E
j+1
0 ⊗ I)
//

N j+1|X0 ⊕ E
j+1
0
//

Ej+10
//

0
0 // Ej+20 ⊗ I
// N j+2|X0 ⊕ (E
j+2
0 ⊗ I)
// N j+2|X0 ⊕ E
j+2
0
// Ej+20
// 0.
With respect to this splitting the differential Γj |X0 //Γ
j+1|X0 takes the form(
∗ β
∗ dE0
)
.
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Since N j+1|X0 lies naturally in K
j+1|X0 , β defines a map from E
j
0 to K
j+1|X0 . Composing
with the differential to Kj+2|X0 and projecting to E
j+2
0 ⊗ I defines a map E0
//E0⊗ I[2] that
represents the extension class ̟(E0) of (3.12).
We now describe this map on X using (3.13) in place of (3.14) on X0. The differential on Γ
j
splits as
(3.15)
(
∗ γ
∗ dE
)
,
where γ factors through a map from Ej to Kj+1. (After restricting to Kj+1|X0 this vanishes
on Ej ⊗ i∗I and descends to the map β : E
j
0
//Kj+1|X0 above.) The splitting (3.15) defines
dE on E
•, which need not square to zero, though it covers the genuine differential dE0 .
The inclusion K• 
 // Γ• commutes with the differentials dK , dΓ, so instead of applying dK
as above we apply dΓ to γ. Applying the projection PE to the E
j+2 component of Γj+2 gives a
map PE(dΓγ) : i∗E
j
0
//Ej+2. This projects to zero in i∗E
j+2
0 , so has image in E
j+2 ⊗ i∗I. By
its construction it is i∗ applied to the map ̟(E0) : E
j
0
//Ej+20 ⊗ I described above.
However, the differential on Γ• squares to zero, so applying this to Ej ⊂ Γj gives, by (3.15),
d2E + PE(dΓγ) = 0.
Thus our obstruction ̟(E0) is precisely [−d
2
E]. By assumption this is zero in Ext
2
X0(E0, E0 ⊗
I[2]), so −d2E = dE0h+hdE0 for some homotopy h : E
j
0
//Ej+10 ⊗I. Lift h to h˜ : E
j //Ej+10 ⊗I
and add to dE using the inclusion E
j+1
0 ⊗ I

 // Ej+1. The resulting dE has square zero and so
defines a deformation (E•, dE) of E
•
0 , corresponding to an extension e
′ ∈ Ext1X(i∗E0, i∗(E0⊗I)).
Similarly any other differential on E• (covering dE0 on E
•
0) differs from dE by a map
f : Ej0
//Ej+10 ⊗ I satisfying dE0 ◦ f + f ◦ dE0 = 0. Therefore [f ] ∈ Ext
1
X0(E0, E0 ⊗ I),
with the resulting map from Ext1X0(E0, E0⊗ I) to Ext
1
X(i∗E0, i∗(E0⊗ I)) being the first map in
the exact sequence (3.10). This describes the fibre over πE0 in (3.10), so e− e
′ is in the image
of some [f ] ∈ Ext1X0(E0, E0 ⊗ I). Altering dE by f as above gives the deformation (E
•, dE) of
E•0 corresponding to e, as required.
3.3. Proof in the general case. We can now prove Theorem 3.3 for any X0 ⊂ X. Suppose
that ̟(E0) = 0: i.e. the exact sequence of Fourier–Mukai kernels (2.23) applied to E0 gives
an exact triangle with zero extension class. Then we claim that the same is true on restriction
to any affine open subset U : the restriction of the exact triangle is the restriction of (2.23) to
U × U applied to E0|U . (This is not true for general Fourier–Mukai kernels, but is true here
since τ≥−1H is quasi-isomorphic to a complex supported, set-theoretically, on the diagonal,
making it a local operator. Using this second complex as a kernel makes the result clear.)
Therefore any e ∈ Ext1X(i∗E0, i∗(E0 ⊗ I)) mapping to πE0 in (3.10) defines an extension E
which, on restriction to U , is a deformation of E0 by the previous Section 3.2. Therefore it is
a deformation of E0 on X itself, since the condition that the map r : i
∗E //E0 of (3.8) be a
quasi-isomorphism is local.
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3.4. Relative version. We will need the following relative version of Corollary 3.4. First, in
the situation of Section 2.6, one defines the relative truncated Atiyah class as
(3.16) A(E0/B) := αX0/B(E0) ∈ Ext
1
X0(E0, E0 ⊗ LX0/B)
or, equivalently, as the image of A(E0) under the projection
Ext1X0(E0, E0 ⊗ LX0)
//Ext1X0(E0, E0 ⊗ LX0/B).
Applying the identity ̟(X0/X) = i∆X0∗(κ(X0/X)) ◦ αX0 = i∆X0∗(κ(X0/X/B)) ◦ αX0/B of
(2.26) to E0 gives
(3.17) ̟(X0/X)(E0) = (idE0 ⊗ κ(X0/X)) ◦ A(E0) = (idE0 ⊗ κ(X0/X/B)) ◦A(E0/B).
Thus, there is a deformation E of E0 if and only if
0 = (idE0 ⊗ κ(X0/X/B)) ◦A(E0/B) ∈ Ext
2
X0(E0, E0 ⊗ I).
4. Virtual cycles
4.1. Setup. In this Section we work over a base B defined over a field k whose characteristic
does not divide the rank of the complexes considered below.
Fix an n-dimensional smooth projective connected morphism X //B and a line bundle
L over X. Denote by ib : Xb

 // X the fibre of X over a closed point b ∈ B. Given a
separated algebraic space M/B and a point closed point m ∈ M sat over b, we denote by
im : Xb

 // X ×B M the inclusion of Xb × {m}.
Suppose that M/B is a relative fine moduli space of perfect simple complexes with fixed
determinant L on X/B. By this we mean that there is a perfect complex
(4.1) E ∈ Db(X ×B M)
(the universal complex2 for the moduli space ) with det(E) ≃ π∗MM⊗π
∗
XL for someM ∈ Pic(M)
such that M/B parameterises the complexes i∗mE (simple, of determinant i
∗
bL) on the fibres
Xb × {m} in the following sense:
• the set of morphisms of B-schemes f : S //M, and
• the set of equivalence classes of perfect complexes E over X ×B S whose restriction
i∗sE to any fibre Xs, s ∈ S, is isomorphic to i
∗
mE for some m ∈ M and such that
det(E) ≃ π∗SMS ⊗ π
∗
XL for some MS ∈ Pic(S)
are put in bijection by assigning to f the perfect complex (id×f)∗E over X×BS. By definition,
two complexes on X ×B S are equivalent if they differ by a twist with a line bundle coming
from S. (This definition ensures that M is locally complete, in the sense that any deformation
of a complex in M is also in M.)
As Lieblich rightly pointed out, it is most natural to work with Artin stacks at this point.
In [13] it was shown under very general assumptions that complexes as objects in the derived
category form an Artin stack which is locally of finite type. However, in the applications we have
2This can also be done with a twisted universal complex, though we do not need such generality for the
application [16] we have in mind.
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in mind, the moduli space is also known to exist in the above sense as a quasi-projective variety
or an algebraic space. In order to keep the discussion simple (and due to our incompetence),
we decided to keep to this setting.
In the following we shall tacitly assume that rk(E) is a constant (not divisible by the character-
istic of our base field k as mentioned above). Also, we will assume that the Euler characteristic
χ(i∗mE, i
∗
mE) is independent of m ∈ M, for instance by fixing the numerical invariants of the
complexes we are interested in. Finally we will assume that M admits an embedding into a
smooth (over B) ambient space A, though in Section 4.5 below we describe how to remove this
assumption.
4.2. Relative obstruction theory. Let πX and πM denote the projections fromX×BM toX
andM respectively. For simplicity we will also assume that rk(E) 6= 0 for now; we deal with the
rank zero case at the end of this section. Then since the composition of id : OX×BM
//Hom(E,E)
and tr : Hom(E,E) //OX×BM is multiplication by rk(E) we get a splitting
Hom(E,E) ≃ Hom(E,E)0 ⊕OX×BM.
AssumingM admits a smooth embedding, we have defined the truncated Atiyah class (2.12)
of the universal complex E,
A(E) ∈ Ext1X×BM(E,E ⊗ LX×BM).
Via LX×BM
//LX×BM/X = π
∗
MLM/B this maps to the relative truncated Atiyah class (3.16)
A(E/X) ∈ Ext1X×BM(Hom(E,E)0, π
∗
MLM/B).
By Verdier duality along the projective morphism πM this is isomorphic to
Ext1−nM (πM∗(Hom(E,E)0 ⊗ ωpiM),LM/B),
where ωpi
M
= π∗XωX/B is the relative dualizing sheaf. We obtain a map
(4.2) πM∗(Hom(E,E)0 ⊗ π
∗
XωX/B)[n− 1]
// LM/B.
The results of this paper have essentially proved the following.
Theorem 4.1. In the notation of [2] (Definition 4.4 and Section 7), the map (4.2) is a relative
obstruction theory for M.
Proof. Fix a morphism of B-schemes,
f : S0 // M,
and an extension S0 ⊂ S with ideal I such that I
2 = 0.
The composition of the pullback of (4.2),
(4.3) f∗πM∗(Hom(E,E)0 ⊗ π
∗
XωX/B)[n − 1]
// f∗LM/B
with the natural map f∗LM/B //LS0/B followed by the relative truncated Kodaira–Spencer
class (2.25) of S0 ⊂ S,
κ(S0/S/B) ∈ Ext
1
S0(LS0/B , I),
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gives an element
(4.4) o ∈ Ext2−nS0 (f
∗πM∗(Hom(E,E)0 ⊗ π
∗
XωX/B), I).
By [2, Thm. 4.5] we must show that o vanishes if and only if there exists an extension from
S0 to S of the map f of B-schemes, and that when o = 0 the set of extensions is a torsor
under Ext1−n(f∗πM∗(Hom(E,E)0⊗π
∗
XωX/B), I). (In fact [2, Thm. 4.5] only proves this in the
absolute, not relative, case. The proof works just the same over a base.)
Let
f¯ = id× f : X ×B S0 // X ×B M
and let π¯ be the projection
π¯ : X ×B S0 // S0.
Since π¯ is flat, the composition of (4.3) with f∗LM/B //LS0/B is
πM∗(Hom(f¯
∗
E, f¯∗E)0 ⊗ π
∗
XωX/B)[n− 1]
// LS0/B .
By the functoriality of truncated Atiyah classes this is the trace-free part of the relative trun-
cated Atiyah class A(f¯∗E/X). Therefore its product with the relative truncated Kodaira–
Spencer class
κ(X ×B S0/X ×B S/X) = π¯
∗κ(S0/S/B),
is by (3.17) precisely the trace-free part of our obstruction class ̟(X ×B S0/X ×B S)(f¯
∗
E).
We denote this by
(4.5) o ∈ Ext2−nS0 (π¯∗(Hom(f¯
∗
E, f¯∗E)0 ⊗ ωp¯i), I) ≃ Ext
2
X×BS0(f¯
∗
E, f¯∗E⊗ π¯∗I)0,
the isomorphism being Verdier duality for π¯.
That the trace of the obstruction class is the obstruction to deforming det(f¯∗E) is classical.
For instance, this is proved for locally free sheaves in [17, Prop. 3.15], and then, using this, for
complexes of locally free sheaves in [17, Thm. 3.23]. Since det(f¯∗E) deforms as L, the trace
of ̟(E0) vanishes. Similarly the choices of extension are governed by the trace-free part of
Ext1 [17, Thm. 3.23]. A better, more thorough account using the language of this paper is now
available in [11].
Thus, by Corollary 3.4, o = 0 if and only if there exists a deformation of f¯∗E from X ×B
S0 to X ×B S, in which case the deformations with fixed determinant form a torsor under
Ext1X×BS0(f¯
∗
E, f¯∗E⊗ π¯∗I)0.
But deformations of f¯∗E from X ×B S0 to X ×B S are in one-to-one correspondence with
extensions from S0 to S of the B-map f , by the definition of a relative fine moduli space (4.1).
So we are done. 
4.3. Virtual cycles. To get a virtual cycle we must make this obstruction theory perfect, or
2-term. The simplest way to ensure this is to demand that each simple complex E = i∗mE in
M satisfies
(4.6) ExtiXb(E,E)0 = 0, i 6= 1, 2.
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The following is then a standard consequence of the Nakayama Lemma, but we give the argu-
ment in full.
Lemma 4.2. Under the conditions (4.6), the complex πM∗(Hom(E,E)0) on M is quasi-iso-
morphic to a 2-term complex of locally free sheaves (F 1 //F 2) in degrees 1 and 2.
Proof. Resolve Hom(E,E)0 //A
• by a finite complex of locally free sheaves Aj with vanishing
RiπM∗(A
j) for i 6= 0 and all j. This can be achieved by picking a very negative locally free
resolution of the derived dual, dualising this and then truncating at some j ≫ 0.
Thus for each j, πM∗(A
j) is canonically quasi-isomorphic to some locally free sheaf F j . The
resulting complex F • is a representative of πM∗(Hom(E,E)0).
By base change, the restriction of F • over a closed point m ∈ M (over b ∈ B) is a complex
of vector spaces computing Ext∗(i∗mE, i
∗
mE)0. Therefore by (4.6), the restriction of F
• to each
fibre X × {m} has cohomology only in degrees 1 and 2. So if F j>2 is the last nonzero term of
F •, then on each fibre
(4.7) F j−1 // F j
is surjective. Hence, the map (4.7) is surjective globally with locally free kernel. Replacing
F j−1 by the kernel and F j by zero, we can inductively assume that j = 2. Similarly if the
first nonzero term is F i<1, then F i //F i+1 is injective on fibres with locally free cokernel. We
conclude that F • is quasi-isomorphic to a 2-term complex (F 1 //F 2). 
Corollary 4.3. The obstruction theory (4.2) is perfect in the sense of [2, Def. 5.1]. Each
Mb, b ∈ B carries a virtual cycle [Mb]
vir of dimension χ(Hom(i∗mE, i
∗
mE)0) (m ∈ M) that is
deformation invariant: there exists a cycle [M]vir on M with i!b[M]
vir = [Mb]
vir.
Proof. By Verdier duality and Lemma 4.2, the complex πM∗(Hom(E,E)0 ⊗ π
∗
XωX)[n − 1] of
(4.2) is quasi-isomorphic to a 2-term complex of locally free sheaves (F 2)∨ // (F 1)∨ in degrees
−2 and −1. The statements about virtual cycles then follow from [2, Prop. 7.2]. 
By Serre duality the conditions (4.6) cannot reasonably be satisfied in dimensions ≥ 4, and
are automatically satisfied in dimensions ≤ 2 by simple complexes E that have no negative
Exts. So the critical dimension is 3, where they can be replaced by the conditions that E be
simple and
(i) ExtiXb(E,E)0 = 0, i < 0, and
(ii) H0(Xb, ωXb)
// Hom(E,E ⊗ ωXb) is an isomorphism.
Serre duality then implies that tr : Ext3Xb(E,E)
//H3(OXb) is an isomorphism and hence
ExtiXb(E,E)0 vanishes for i ≥ 3.
For Calabi–Yau threefolds (ωXb ≃ OXb) we only need (i) because E being simple implies (ii).
In this case χ(Hom(i∗mE, i
∗
mE)0) = 0 so for moduli of simple complexes satisfying (i) we get
a degree 0 virtual cycle in each Mb. Thus if M/B is proper then we get an invariant – the
length of the virtual cycle – which is independent of b. By duality the obstruction theory (4.2)
is self-dual in the sense of Behrend [1] so if M is quasi-projective then one can use his weighted
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Euler characteristic approach to the virtual class, and extend the definition of invariants to
non-proper M (at the expense of losing deformation invariance).
Another situation where (ii) is automatic is for arbitrary threefolds and complexes satisfying
(ii′) Hom0(E,E) = OXb and Ext
i(E,E) = 0, i < 0.
This implies both (ii) and that E is simple, and applies to the ideal sheaves of [15, 17] and the
complexes I• of [16].
4.4. The rank zero case. When rk(E) = 0 we consider simple complexes satisfying (ii) or
(ii′), but we do not fix their determinant. So it is natural to use
(4.8) πM∗(Hom(E,E)⊗ π
∗
XωX/B)[n− 1]
// LM/B .
(cf. (4.2)) as an obstruction theory. The left hand side is Verdier dual to πM∗Hom(E,E)[1],
which by the methods of Lemma (4.2) is quasi-isomorphic to a complex of locally free sheaves
concentrated in degrees −1 to 2. Therefore this obstruction theory is not perfect.
To trim it down we first form
(4.9) Cone
(
OM // πM∗Hom(E,E)
)
,
where the arrow is the identity map. This map induces an isomorphism k //Hom0(i∗mE, i
∗
mE)
on every closed fibre X × {m} of πM, so, by the same use of the Nakayama Lemma as in the
proof of Lemma 4.2, the complex (4.9) is τ≥1πM∗Hom(E,E), a complex of locally free shaves
in degrees 1 to 3.
Similarly the top (degree 3) part of the trace map on πM∗Hom(E,E) lifts naturally to the
H3-map
τ≥1πM∗Hom(E,E) // R
3πM∗(OX×BM)[−3],
with kernel τ [1,2]πM∗Hom(E,E). Now R
3πM∗(OX×BM) is locally free over M, and after base-
change to the fibre over m ∈ M the trace map is an isomorphism Ext3(Em,Em) //H
3(OXb)
(Serre dual to the isomorphism (ii)). Therefore the standard Nakayama Lemma methods again
show that τ [1,2]πM∗Hom(E,E) is quasi-isomorphic to a 2-term complex of locally free sheaves.
Finally the map (4.8) gives by Verdier duality the diagram
(4.10) (πM∗Hom(E,E))
∨[−1] // LM/B
FF
a
✌
✌
✌
✌
✌
✌
✌
✌
(τ≥1πM∗Hom(E,E))
∨[−1]
OO

55❧❧❧❧❧❧❧❧❧❧❧❧❧❧❧
(τ [1,2]πM∗Hom(E,E))
∨[−1].
The arrow labelled a can be filled in uniquely since the cone on the lower vertical arrow is
(R3πM∗(OX×BM)[−3])
∨, a vector bundle concentrated in degree −3, whereas LM/B is concen-
trated in degrees −1 and 0.
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Then we modify the proof of Theorem 4.1 to show that the map a is again a relative obstruc-
tion theory for M in the sense of [2, Def. 4.4]. To do this we must assume that the B-schemes
S0 and S in the proof of Theorem 4.1 are affine – by the proof of [2, Thm. 4.5] this is sufficient
to prove we get an obstruction theory. Following the proof of Theorem 4.1 we get an obstruction
o not now in
H
2(π¯∗Hom(f¯
∗
E, f¯∗E⊗ π¯∗I)0) = Ext
2(f¯∗E, f¯∗E⊗ π¯∗I)0
as in (4.4, 4.5) (where H denotes hypercohomology), but instead in
H
2(τ [1,2]π¯∗Hom(f¯
∗
E, f¯∗E⊗ π¯∗I)).
By the collapse of the Leray spectral sequence for π¯ over affine S0, this is
H0
(
H2(τ [1,2]π¯∗Hom(f¯
∗
E, f¯∗E⊗ π¯∗I))
)
= H0
(
H2(π¯∗Hom(f¯
∗
E, f¯∗E⊗ π¯∗I))
)
= Ext2(f¯∗E, f¯∗E⊗ π¯∗I).
In other words the modification (4.10) changed the obstruction theory in degrees 0 and 3 only,
so does not affect Ext2. Therefore the same proof goes through as before and a (4.10) yields
our obstruction ̟(E0) ∈ Ext
2(f¯∗E, f¯∗E⊗ π¯∗I). In the same way the choices in Ext1 also work
out just as before.
4.5. Removing the smooth embedding hypothesis. For the applications in [16] M is
projective so smoothly embeddable. We also expect more general proper moduli spaces of
objects of the derived category of a smooth threefold to be projective. However it is certainly
easier to produce such moduli spaces as algebraic spaces by abstract arguments starting from
Artin stacks. Therefore it would be nice to produce virtual cycles without the assumption that
M be smoothly embeddable.
This is certainly possible. Firstly we must produce the obstruction theory (4.2) on a general
M. One way to do this is to use Illusie’s full cotangent complex L•
M/B and Atiyah class. The
working of Section 4.2 then proceeds exactly as before without the embedding assumption,
yielding
πM∗(Hom(E,E)0 ⊗ π
∗
XωX/B)[n − 1]
// L•M/B .
Composing with the truncation τ≥−1 : L•
M/B
//LM/B recovers (4.2). Restricted to any subset
of M which is smoothly embeddable this gives the same map as before.
As used in Section 4.4 above, to check that (4.2) is an obstruction theory for M it is only
necessary to consider affine B-schemes S0 and S in the proof of Theorem 4.1. Doing so, we only
use their image in M, which is itself affine and therefore smoothly embeddable. Our theory
therefore applies on that image to prove Theorem 4.1. The rest of the Section is unaffected, so
we obtain deformation invariant virtual cycles under the same conditions as in Section 4.3.
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